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Modal Truncation, Ritz Vectors, and Derivatives
of Closed-Loop Damping Ratios

Chris A, Sandridge* and Raphael T. Haftkat
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

The effect of modal truncation on the damping ratio and their derivatives with respect to an added mass is
investigated for a simply supported, multispan beam with a linear quadratic Gaussian control system. It is found
that both the damping ratios and derivatives converge slowly, but the derivatives converge more slowly than the
'd,amping ratios. However, it is shown that when Ritz vectors corresponding to static displacements due to
actuator forces are added to the reduced model, the convergence of both the damping ratios and their derivatives
is accelerated. It is also shown that the accuracy of the damping ratio predicted by a reduced-model control
design can be improved significantly if the Ritz vectors are included in the design of the control system. Thus,
it appears that Ritz vectors added to the reduced model of flexible structures can improve greatly the accuracy

of both the design and analysis of the control system.

Introduction

S a result of the high cost of transporting mass into
A space, large space structures (LSS) are expected to be
very flexible and have little inherent damping; thus, control
systems will be needed to damp out vibrations. The control
system can consist of passive damping, active control, or a
combination of the two. The design process has typically
proceeded in two steps. First, a structural engineer would
design the structure to minimize the weight while meeting
specified stress and geometric constraints. Then a control
engineer would design passive damping treatments and an
active control system to provide the necessary damping. Re-
cently, however, there has been interest in combined structure-
control system design (see, for example, Refs. 1-4). This is
based on indications that small changes in the structure can
reduce significantly the control effort needed to damp vibra-
tions, thus lowering the total cost of the structure and control.
Therefore, such combined structure-control designs typically
require the derivatives of the closed-loop eigenvalues with
respect to structural parameters.

One of the major problems in the design of control systems
for LSS is how to model the structure accurately. The finite
element model of a structure can have thousands of degrees of

. freedom, which makes it impractical for use in control system
design; therefore, some type of reduced model must be used.
In control system design, a reduced model based on a small
number of vibration modes is typically used to model the
structural dynamics.-However, the errors associated with the
reduced model can cause the control system to become un-
stable. For example, spillover instability is associated with the
excitation of higher-order modes that are not included in the

"reduced model.’ However, it it usually possible to overcome
these instabilities by special techniques (e.g., Ref. 6) or by
building enough robustness into the control design.
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The reduced models used for control design are usually
based on the lowest natural vibration modes according to
frequency. This procedure may neglect important higher fre-
quency modes, since for an LSS, the higher modes can still
have very low frequencies and strong coupling with the lower
modes. Modal cost analysis techniques were developed for
choosing the best modes to include in the model.”® Each mode
is assigned a cost depending on characteristics of the mode,
the type of control system, the type of analysis or design being"
performed, and the location of the sensors and actuators for
the case of control design. The costs are then used to decide
which vibration modes should be included in the reduced
model.

To integrate the control and structural designs, the sensitiv-
ity of the control system to changes in the structure is needed.
It has been shown that the convergence of the derivatives of
the structural response with an increasing number of modes
can be much slower than the convergence of the response
itself.!® That is, more modes are required to calculate the
derivatives accurately. The problem of slow modal conver-
gence of derivatives can be expected to be more severe for LSS
that typically have a large number of closely spaced frequen-
cies.

Modal expansion is a generalization of the Fourier series. It
is well known that Fourier series of discontinuous functions
converge slowly with respect to the number of series terms,
and that the derivatives of the series may not converge at all.
Accordingly, slow convergence of modal expansion can be
expected when the applied loads exhibit discontinuities in time
or space. This is demonstrated for the transient response of a
string under a point load in Ref. 11, and this type of conver-
gence problem has been referred to as a Gibbs phenomenon. 2
In an actively controlled structure, where most of the damping
is supplied by the control system, convergence problems may
be caused by point actuators. )

In transient structural dynamics, methods have been devel-
oped that accelerate convergence when using mode superposi-
tion.!3-16 References 13-15 use a pseudostatic load (mode-ac-
celeration method), or Ritz vectors corresponding to static
displacement, to accelerate the convergence of a transient
analysis. In Ref. 17, it was shown that, for a simple, direct-
rate feedback control system (equivalent to some forms of
passive damping), the errors in derivatives of the closed-loop
eigenvalues due to modal truncation can be prohibitively
large. However, it was also shown that carefully chosen Ritz
vectors added to the reduced model greatly improved the
accuracy of the derivatives. Similar results were shown for the
eigenvalues in Ref. 18, where the Ritz vectors are called Krylov
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vectors. This paper extends the work of Ref. 17 for the case of
an optimal linear quadratic Gaussian (LQG) control system.
In addition, this paper also examines the effect the Ritz vec-
tors have on the design of the control system.

In the first part of the paper, we repeat the analysis of Ref.
17 for a simply supported, multispan beam with an LQG
control system. The convergence of the damping ratios and
their derivatives with respect to an added concentrated mass is
examined. Then the procedure is repeated with the addition of
Ritz vectors to the reduced model.

In the second part of the paper, we examine the effect the
Ritz vectors have on the design of the control system. When a
control system is designed with a reduced model, and then
analyzed with the full model it is often found that the damping
predicted by the reduced model is not realized in the full
model. This damping shortfall is investigated for control sys-
tems designed with reduced models based on vibration modes
only and for control systems designed with reduced models
that include Ritz vectors.

Analysis and Sensitivity Calculations
Equations of Motion

The discretized equations of motion for a flexible structure
with an output-feedback control are written as

Mg +Dq +Kq =Uu ')

where M, D, K, and U, are the mass, inherent damping,
stiffness, and control influence matrices, respectively; g is the
n-degree-of-freedom (DOF) displacement vector; and u is a
vector of control forces. In the following derivations and
examples, we will concentrate on velocity feedback; thus, we
assume that n, velocities are measured, and the sensed velocity
y can be written as

=Uyg @

where U is the sensor influence matrix.

The order of the preceding equations is typically too large
for designing a control system; therefore, the order of the
model is reduced by expressing the displacement vector g as a
linear combination of a small number of reduced-basis vectors
by -

g=% ©))

where ® is a matrix whose columns are reduced-basis vectors
and 9 is a vector of amplitudes. In this work, & may contain
both natural vibration modes and Ritz vectors corresponding
to static displacements; however, for this derivation, they will
all be referred to as modes and the amphtudes will be referred
to as modal coordinates.

‘Substituting Eq. (3) into Eq. (1) and premultiplying by &7
gives us the equations in modal form

My + Dy+Ry=@"Uu @
where
M=9%"M®, D=9%"D$ K= &K ®)
Muiltiplying through by M -1, and writing in state form, we
get
” AT A7) . 7 - 197U,
HEl {"}+[“ oo
7 I 0 7 0
x=Ax + Bu
where xT = [7 y7).
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The number of modes used in the reduced model determines
the accuracy of the solution. In the present work, we assume
that n, modes are used to design the control system, and then
the response of the actual structure is approximated by analyz-
ing it with additional modes. The modes with which the con-
trol system is designed are called the controlled modes and are
denoted with a subscript c. The rest of the modes are called
residual modes and are denoted with a subscript . By appro-
priately partitioning Eq. (6), we can write the state equation in
terms of controlled and residual modes as

-1 B35 7
Sl PR R S Rl Y D

xc=[7.717:12'--7:lc771"72-"7lc]T ®

where

xr=[';lc+l';1c+2-' ~’:lrﬂc+17lc+2---7]r]T (&)
Equation (2) can be transformed into modal coordinates and
written in state form as

y = Uydy=Cx = [C. C)] {f} (10)

Control System Desigp

The LQG compensator combines a linear quadratic regula-
tor and a Kalman filter. The regulator designed on the basis of
a reduced model with n, modes produced a control output «,
which minimizes the performance index

J= S (x7Qx, + uRu) dt 1)
0

where Q is a positive-semidefinite, state-weighting matrix and
R is a positive-definite, control-weighting matrix. The umque
control law that minimizes J is

u=—R-'BTPpx.= —Gx, 12)

where Pj is a constant, symmetric, positive-semidefinite ma-
trix that satisfies an algebraic Riccati equation, and X, is the
current estimate of the state x, based on the measurement y.
This estimate is produced by the Kalman filter, which is de-
fined by the equation

ic = Acci'c + B.u + Kf(y_ccfc) (13)

whérc the filter gain matrix Ky is given by

Ky=PrCIV,! 14

where Pris the constant, symmetric, positive-semidefinite ma-
trix that satisfies the algebraic Riccati equation

(Ace + a)Pp + Pe(Ae + )T~ PpCIV5\C.Pr + V=0
’ as

The matrices V, and V, represent the system and measurement
noise, respectively. The constant « is used to enforce a prede-
termined degree of stability to the observer poles.!® By adjust-
ing ¥y, V,, and a, the observer can be designed to satisfy a rule
of thumb that requires the observer poles to between three and
ten times faster (i.e., farther left in the imaginary plane) than
the regulator poles. This produces an observer that is fast
enough to reconstruct the regulator state, yet slow enough not
to be overly sensitive to measurement noise.
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To analyze the combined regulator/observer system using
residual modes, it is convenient to introduce the estimator
error

€ =X — X (16)

The full, closed-loop system with both controlled and residual
modes can now be written as

.'tc Acc - BcG - BcG Acr
éc = 0 Acc—Kch KfCr—Acr
:Y, Arc_BrG —BrG Arr
Xe
X 4 € = Ax 17
Xr

The closed-loop poles of Eq. (17), which are the eigenvalues of

A, can be written as
e =0y + iy, k=1,2,...,4n. +2n, (18)

where o, and w; are the real and imaginary parts of the
eigenvalues, and n, and n, are the number of controlled and
residual modes included in the model. The damping ratio,
which is a measure of the effectiveness of the control system
for a particular mode, is defined as

- Ok

Sk = Tolr ol (19)

Derivative Calculation

In this study, the convergence of the control system perfor-
mance ({;) and its derivatives are to be examined. To evaluate
the derivatives of the damping ratio, we need the derivatives of
the closed-loop eigenvalues, which can be calculated by

vIiA'u,

Ae =
va Uy

20

where primes denote derivatives with respect to the parameter,
and where u; and v, are the left and right eigenvectors of the
closed-loop system [Eq. (17)].

To calculate A’, we differentiate A, B, and C before they
are split into controlled and residual modes. Once the’deriva-
tives are calculated, they can again be partitioned into the
form of Eq. (17). Differentiating A, we get

—MyYD-M-'D’ — My R-M 'R’
A,=[( )0 ( >0MK](21)

Consider first the derivative (M~1)’. Using the identity
MM - ! = I, differentiating, and solving for (M~1)’, we get

M-y = -M-'M'M @)
Expanding M, we see that
M =8 TMe+3TM'®+ 8T Md' @3)

In Ref. 17, it was found that, for the beam problem used in
this study, the first and third terms can be neglected without
significantly affecting the eigenvalue derivatives. This is called
a fixed-mode approximation. Also, in this study, the struc-
tural parameter is an added mass so that K’ and D’ are zero,
and with the fixed-mode approximation so are K’ and D’.
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The matrix M’ is a zero matrix with a 1 on the diagonal
corresponding to the location of the added mass. This now
gives us all the ingredients needed to evaluate A ’. Following
the same procedure, we find that

7 - 15T,
B [M 0<1> Uc] )

and C’ =0.
Partitioning the preceding matrix derivatives, the derivative
of A with respect to an added mass can now be written as

Ai—B.G -—-B;G A
A = 0 A —Aag (25)
A.~B!G

—-B;G A

Maultispan Beam Example

The five-span beam shown in Fig. 1 was designed to have
low-frequency, closely spaced vibration modes. The 4.5-m
beam has spans of equal length, a cross-sectional area
A = 50.0 mm?, area inertia 7 = 4.1667 mm*, weight density
p=7.6%x10* N/m?, and Young’s modulus E = 10° N/m?2.
This results in a structure for which the first 10 frequencies are
between 0.2 and 1.3 Hz. The beam is modeled with three cubic
beam finite elements per span, with a total of 26 uncon-
strained degrees of freedom, which was shown in Ref. 17 to be
quite accurate with respect to the first six natural frequencies,
damping ratios, and damping ratio derivatives.

Three massless force actuators and collocated velocity sen-
sors are placed on the beam, as shown in Fig. 1; the first and
third are translation controllers on the second and fifth spans,
and the second is a rotation controller on the middle span. As
noted earlier, passive damping as a control device is not cov-
ered in the paper. However, the control software used for this
study (ORACLS?) required the open-loop system (A4) to be
stable; therefore, inherent damping is assumed to be 0.1% in
each mode.

Convergence of Damping Ratios and Derivatives

In this study, the regulator poles are of concern; however,
when looking at the closed-loop eigenvalues, it is not always
possible to distinguish the regulator poles form the observer
poles. Therefore, procedure was developed for keeping track
of the regulator poles as the residual modes are added to the
system.

Matrix C is defined as

C=A—-6B (26)
where
0 0 0
B= 0 0 K:C, @7

-BG -BG O

The B matrix contains the coupling terms between the regula-
tor and observer; therefore, if the eigenvalues of C are evalu-
ated with 8 = 1, the results will always include the original
regulator poles, the original observer poles, and the eigenval-

Fig. 1 Multispan beam.
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Table 1 Reduced-order control design and full-model damping ratios
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Mode Regulator poles ¢ Observer poles Full-model! ¢
1 (~0.16911,1.2756) 0.13142 (—1.1045,1.4494) 0.08653
2 (—0.11061,1.3980) 0.07888 (—1.9939,1.4429) 0.08077
3 (~-0.23875,1.7585) 0.13454 (—1.0311,2.6409) 0.07801
4 (—0.13253,2.2188) 0.05963 (—2.3056,2.2513) 0.04618
5 (-0.33287,2.6470) 0.12477 (—3.2626,2.0033) 0.06935
o014 Table 2 Percentage of error in damping ratios, vibration modes only
Basis ¢! ) $3 $4 &
012 3 5 51.84 2.333 72.47 29.06 79.93
T 10 40.61 0.4954 59.30 18.29 56.94
E 15 13.97 2.277 19.18 6.021 20.22
O .10 3 20 5.625 1.249 7.761 2.560 8.740
% E 25 1.116 0.2540 1.544 0.4611 1.765
o 3
So.08 - Table 3 Percentage of error in derivatives, vibration modes only
o E :
z E Basis ¢ [¢] ¢! 4 §5
©0.08 3 5 104.6 131.6 114.0 308.2 18.04
E 10 143.6 152.3 177.0 293.6 67.51
0.04 3 15 263.6 76.80 123.8 124.3 81.99
T 20 . 2429 49.33 88.75 69.52 62.63
E 25 11.35 3.260 3.542 6.664 0.0214
0.02 0" ..... N LR —

1 20
BASIS (NO. OF MODES)

Fig. 2 Convergence of damping ratios, vibration modes only.
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Fig. 3 Convergence of derivatives, vibration modes only.

ues corresponding to the residual modes with assumed damp-
ing of 0.1%. The regulator poles can be identified easily since
they are originally well separated from the observer poles and
the residual-mode eigenvalues. The values of 8 is then gradu-
ally varied from 1 to 0, and the regulator poles can be traced
for a series of B values by using the last two regulator poles to
predict the next one. The only requirement on the g series is
that the first step is small enough so that the regulator poles do
not change position with respect to the rest of eigenvalues. In
this study, ;= 1-2""2fori=0,1,..., 12.

The control system is designed based on a reduced model
using the first five modes so that the damping ratios are about
0.1. This is accomplished by designing the regulator using

T
0= 1 [écMQ)c To ] 28)
2 0 & KP,
which, when inserted in the performance index, represents the
total energy in the the system, and R = diag(40.0, 40.0, 40.0).
The observer is designed so that the observer poles would
satisfy the 3-t0-10 rule of thumb discussed earlier. This is
accomplished with a diagonal ¥, with ¥, =1,i=1,...,4,

6,...,9 and ¥V, =0.1,i=5, 10, V, =1, and & = 0.50.
Table 1 shows the regulator poles and damping ratios obtained
from both the initial, five-mode reduced model and the full
26-mode model. As the table shows, the initial regulator poles
vary as much as 80% from their corresponding full-model
damping ratios. :

Reduced Models with Vibration Modes Only

"The damping ratios and their derivatives with respect to an
added mass at the first translation controller are first calcu-
lated with the five controlled modes. The residual vibration
modes are then added one at a time, and the damping ratios
and derivatives are again calculated. Figures 2 and 3 show the
convergence of the first five damping ratios and their deriva-
tives vs the number of total modes used in the model. Tables
2 and 3 show the percentage of errors with respect to full-

- model values in the damping ratios and derivatives, respec-

tively.

The damping ratios seem to converge fairly quickly up to
about 15 modes and then slow considerably. At 15 modes,
both modes 3 and 5 have errors near 20%. The convergence is
slower than for the rate-feedback case in Ref. 17, where with
15 modes the damping ratios have converged to within 10%.

In Fig. 3, it is seen that the derivatives converge more slowly
than the damping ratios. With a model of 15 modes, the error
in derivatives of damping ratios of modes 1, 3, and 4 is still
larger than 100%. With 23 out of 26 total modes, the errors in
the same derivatives are larger than 30%, while the damping
ratios have converged to within 10%.

The abrupt reduction in error observed in Table 3 for 25
modes is of special interest. As shown in Ref. 17, this is due to
the fact that the finite-element model has 26 modes and,
therefore, the error (calculated with respect to the finite ele-
ment result) must go to zero for 26 modes (i.e., the finite
element mode and the 26-mode model are the same). In Ref.
17, it was also shown that as the finite element model is
refined, the derivatives obtained by the full finite element
model do not change much, whereas the errors associated with
a 25-mode model do. Thus, a 25-mode, truncated model of a
higher-order, finite element model may be expected to have
errors of 100 or 200% for ¢{ on the basis of the results for 15
and 20 modes in Table 3.

The reason for the slow convergence is that the smooth
vibration modes cannot capture the discontinuities caused by
the point loads. This problem is corrected by adding Ritz
vectors corresponding to static displacements due to unit loads
at the actuators to the reduced-basis models.
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Reduced Models with Vibration Modes and Ritz Vectors

Ritz vectors are any vectors that satisfy the geometric
boundary conditions of the problem. In this study, the Ritz
vectors are static displacements calculated by

Kq=F 29)

where the load F is a unit load in the direction of and at the
location of the actuators. Thus, in this problem, there are
three Ritz vectors calculated. In Ref. 17, the Ritz vectors were
normalized so that the maximum term in each vector was 1.
For the LQG control system, this will not work. The Ritz
vectors contain large contributions from the lower modes,
thus when they are added as residual modes, the physical
control is changed, as explained subsequently.

The physical control force u is given by Eq. (12), where G is
a fixed gain matrix and X, is the current estimate of the state
produced by the Kalman filter. In a physical implementation,
the Kalman filter equation [Eq.. (13)] would be integrated to
find x.. If a Ritz vector is added -without first making it
orthogonal to the controlled modes, the modal mass matrix M
will no longer be diagonal. This will change 4. via Eq. (6),
which, in turn, changes the state estimation produced by the
observer. Finally, this will change the physical control «.
Therefore, since the control system is to remain fixed, the Ritz
vectors must be made orthogonal to the controlled modes.

Letting v denote a Ritz vector, it is easy to show that a Ritz
vector made orthogonal to n. modes is given by

Ne

V=V - E o;; (30)

i=1
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Fig. 4 Convergence of damping ratios, with Ritz vectors.
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Fig.5 Convergence of derivatives, with Ritz vectors.
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where
a;=vIMe; 3D

After the Ritz vectors have been made orthogonal to the
controlled modes, the convergence study is repeated as before,
except that the three Ritz vectors are the first to be added as
residual modes. The results of the convergence studies are
shown in Figs. 4 and 5. Tables 4 and 5 show the percentage of
error with respect to full-model values in the damping ratios
and derivatives, respectively.

Figure 4 shows a dramatic improvement in the convergence
of the damping ratios. With only the five controlled modes
plus three Ritz vectors, the damping ratios are essentially
converged. The convergence of the derivatives with the Ritz
vectors is not as good, but it is much better than in the
vibration-modes-only case. The reason for the improvement in
both the damping ratios and derivatives is that the higher
modes are needed to model the spatial discontinuity of the
actuator forces. With the Ritz vectors correctly modeling the
spatial distribution of the response to actuators forces, there is
no need for the higher modes.

Ritz Vectors in Control Design

Since the Ritz vectors accelerate the convergence of the
reduced model to the full model, it may be useful to include
them in the reduced model used for the control system design.
This section considers the possibility.

It is assumed that a small number n. of modes are to be
controlled. However, to get a good design, a larger number of
modes need to be included in the reduced model; that is n, >
n.;. Thus the case where the additional modes are vibration
modes is compared with the case where the additional modes
are Ritz vectors.

Using the same structure and actuator/sensor locations,
n. = 3 is selected; that is a control system that controls the
first three vibration modes is designed. It has already been
seen from the previous example that more than three modes
are needed in the control design to ensure that the damping
ratios predicted by the reduced model are close to the actual
damping ratios for the first three modes. The regulator and
observer are designed to control the first three modes. This is
accomplished with
T ‘

_1 [@ch>cW . 0 ] 32)
2 0 S Kd W

where W = diag(1.0, 1.0, 1.0, 0.01, 0.01, . . .); R = diag(50,
50, 50); V) diagonal with V;, =1.0,i =1,2,3,n. +1,n. +2,
n. + 3 and Vy; =0.01 elsewhere; V,=1; and a = 0.35. De-
signs are obtained with 7. of 5, 10, and 15 vibration modes.

For comparison, the control system is designed using three
vibration modes plus three Ritz vectors, with W = diag(1.0,

Table 4 Percentage of error in damping ratios, with Ritz vectors

Basis H Ly} 3 $4 $s

5 51.84 2.333 72.47 29.06 79.93
10 0.0108 0.0004 0.0299 0.0224 0.1724
15 0.0066 0.0011 0.0107 0.0066 0.0286
20 0.0034 0.0006 0.0054 0.0032 0.0131
25 0.0068 0.0014 0.0079 0.0055 0.0206

Table 5 Percentage of error in derivatives, with Ritz vectors

Basis ¢f Y] & y! [$]

5 104.6 131.6 114.0 308.2 18.04
10 233.0 39.80 79.99 35.61 60.67
15 6.158 0.533 0.301 0.237 0.067
20 24.86 3.835 7.854 3.659 6.064
25 0.208 0.080 0.107 0.073 0.038
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Table 6 Comparison of control designs: damping ratio convergence

5 10 15 3+3

0.120339 © 0.120332  0.120314 0.085201
0.080132  0.084723 0.105898 0.085229

&1 Reduced model
Full model

2 Reduced model
Full model

0.071597 0.071596 0.071595 0.051270
0.071480 0.073821  0.074609 0.051297

& Reduced model
Full model

0.127350  0.127337
0.083040 0.087505

0.127308 0.087033
0.109849 0.087098

1.0, 1.0, 1.0, 1.0, 0.1), R = diag(100, 100, 100); V; diagonal
with ¥y, =0.1 for i = 6,12 and 1.0 elsewhere; V,=17; and
a=0.5.

The differences in the weighting matrices were due to the
addition of the Ritz vectors in the control design. The Ritz
vectors changed the reduced-order model so that if the same
weighting matrices had been used, the control would not have
the same performance. Thus the weighting matrices were de-
signed so that the full-model damping ratios were bétween 5
and 10%.

As before, the Ritz vectors must be modified to be accept-
able to the LQG control system. First, the Ritz vectors are
orthogonalized with respect to the three controled modes.
Then they are made orthogonal to each other and normalized
to unit mass. As before, the residual modes must be orthogo-
nal to the controlled modes, which means that the residual
modes must be made orthogonal to the modified Ritz vectors.

Table 6 shows the damping ratios predicted by a reduced-
model design and compares them with damping ratios ob-
tained with a full model for modes 1, 2, and 3. The columns
labeled ¢5°°, ‘10’ and ‘“15”’ show damping ratios obtained
in designs based on 5-, 10-, and 15-mode models, and the
column labeled “‘3 + 3”’ shows damping ratios obtained using
three vibration modes and three vectors.

The rows labeled ‘‘Reduced model’’ show damping ratios
obtained by including only the modes used in the control
design, and the rows labeled ‘‘Full model” show damping
ratios obtained with all of the residual modes added.

Table 6 shows that reduced-model designs based on vibra-

. tion modes only suffer from loss of performance due to model
truncation. For example, for the first mode, we attempt to
design 12% damping, but with five vibration modes in the
reduced-model control design, the control system actually pro-
vides only 8% damping. As more modes are added to the
reduced-model design, the difference becomes smaller, but
even with a 15-mode model we get only 10.6% actual damp-
ing. When the Ritz vectors are added to the reduced-model
design, the reduced and full-model damping ratios are nearly
identical.

Conclusions

This paper has investigated the errors in closed-loop damp-
ing ratios due to the use of reduced models based on vibration
modes in the analysis and design of active vibration-control
systems. It was shown for a simply supported multispan beam
that both the damping ratios and derivatives with respect to an
added mass converge slowly with an increasing number of
modes, but with the derivatives converging much slower than
the damping ratios. However, if Ritz vectors corresponding to
static displacements due to unit loads at the actuators were
added to the reduced model, the convergence of both the
damping ratios and derivatives were greatly accelerated. It was
also shown that the addition of Ritz vectors in the reduced-
model control design greatly improved the agreement between
the design damping ratios and the actual damping ratios.
Thus, it appears that these Ritz vectors added to the reduced
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models of flexible structures greatly improved the accuracy of
both the analysis and design of the structure with an active
control system.
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